Abstract. Using tropical geometry, Mikhalkin has proved that every smooth complex hypersurface in CP n+1 decomposes into pairs of pants: a pair of pants is a real compact 2n-manifold with cornered boundary obtained by removing an open regular neighborhood of n + 2 generic hyperplanes from CP n . As it is well-known, every compact surface of genus g 2 decomposes into pairs of pants, and it is now natural to investigate this construction in dimension 4. Which smooth closed 4-manifolds decompose into pair of pants? We address this problem here and construct many examples: we prove in particular that every finitely presented group is the fundamental group of a 4-manifold that decomposes into pairs of pants.
Introduction
The decomposition of surfaces into pairs of pants is an extraordinary instrument in geometric topology that furnishes, among many other things, a nice parametrization for Teichmüller spaces. Mikhalkin has generalized this notion in [4] to all even dimensions as follows: he defines the 2n-dimensional pair of pants as the manifold obtained by removing n+2 generic hyperplanes from CP n . One actually removes open regular neighborhoods of the hyperplanes to get a compact real 2n-manifold with stratified cornered boundary: when n = 1 we get CP 1 minus three points, whence the usual pair of pants. Using some beautiful arguments from tropical geometry, Mikhalkin has proved in [4] that every smooth complex hypersurface in CP n+1 decomposes into pairs of pants. We address here the following natural question:
Question 1. Which smooth closed manifolds decompose into pairs of pants?
The question makes sense of course only for real smooth manifolds of even dimension 2n. It is natural to expect the existence of many smooth manifolds that decompose into pairs of pants and are not complex hypersurfaces: for instance, in the 2-dimensional case the hypersurfaces of CP 2 are precisely the closed orientable surfaces of genus g = for some d > 0, while by assembling pairs of pants we notoriously obtain closed orientable surfaces of any genus.
In this paper we study pants decompositions in dimension 4. We start by constructing explicit pants decompositions for some simple classes of closed 4-manifolds: S 4 , torus bundles over surfaces, circle bundles over 3-dimensional graph manifolds, toric manifolds. Then we prove the following theorem, which shows that the 4-manifolds that decompose into pairs of pants form a quite large class: Theorem 2. Every finitely presented group is the fundamental group of a closed 4-manifold that decomposes into pairs of pants.
We expose a more detailed account of these results in the remaining part of this introduction.
Pair of pants decompositions. It is worth noting that Mikhalkin's definition of a pair of pants decomposition is slightly more flexible than the usual one adopted for surfaces: the boundary of a pair of pants (of any dimension 2n) is naturally stratified into circle fibrations and an appropriate collapse of these circles is allowed. With this language, the sphere S 2 has a pants decomposition with a single pair of pants where each boundary component is collapsed to a point.
More precisely, pair of pants decompositions are defined as singular fibrations over polyhedra. A pair of pants decomposition of a closed 2n-manifold M 2n is a fibering M 2n → X n onto a simple n-dimensional polyhedron X n which is locally isomorphic to a model fibration CP n → Π n derived from tropical geometry. The polyhedron Π n is the cone of the (n − 1)-skeleton of the (n + 1)-simplex, the model fibration sends n + 2 generic hyperplanes onto the base ∂Π n of the cone and the complementary pair of pants onto its interior Π n \ ∂Π n .
In dimension 2, the model fibration is drawn in Figure 1 and some examples of pair of pants decompositions are shown in Figure 2 . The polyhedron X 1 is either a circle or a graph with vertices of valence 1 and 3, and the fiber over a point is either a point, a circle, or a θ-shaped graph. Dimension 4. In dimension 4, the pair of pants is CP 2 minus (the open regular neighborhood of) four generic lines: it is a 4-dimensional block with stratified boundary, which looks combinatorially like a tetrahedron, much as a 2-dimensional pair of pants looks combinatorially like a triangle.
The model fibration CP 2 → Π 2 is sketched in Figure 3 : the polyhedron Π 2 is the cone over the 1-skeleton of a tetrahedron, and the fiber over a point x ∈ Π 2 depends on the stratum of Π 2 containing x. The fiber of a generic (i.e. smooth) point of Π 2 is a torus, and the other fibers are: a point, S 1 , θ, θ × S 1 , and a more complicated 2-dimensional polyhedron F 2 fibering over the central vertex of Π 2 . The central fiber F 2 is a spine of the 4-dimensional pair of pants and is homotopically equivalent to the 2-skeleton of the 3-torus. (Likewise, when n = 1 the fiber of the central vertex in CP 1 → Π 1 is a θ-shaped spine of the 2-dimensional pair of pants and is homotopically equivalent to the 1-skeleton of the 2-torus.)
A pair of pants decomposition of a closed 4-manifold M 4 is a map M 4 → X 2 locally isomorphic to this model. The polyhedron X 2 is a simple 2-dimensional polyhedron, and the fiber over a generic point of X 2 is a torus.
An interesting aspect of the theory is that the topological type of the fiber in M 4 → X 2 is bounded, while the base polyhedron X 2 can be rather complicated: in principle π 1 (X 2 ) can be any finitely presented group. This setting is somehow dual to that of (broken) Lefschetz fibrations, where fibers can have arbitrarily high genus but the base is confined to be a sphere, or more generally a surface.
We also note that pants decompositions are similar to (but different from) Turaev's shadows [7, 1] , that are fibrations M 4 → X 2 onto simple polyhedra where the generic fiber is a disc and M 4 is a 4-manifold with boundary that collapses onto X 2 .
Sketch of the proof of Theorem 2. Once we set up the general theory, Theorem 2 is proved as follows. We first solve the problem of determining all the possible fibrations M 4 → X 2 on a given simple polyhedron X 2 by introducing an appropriate system of labelings on X 2 . We note that X 2 may admit fibrations M 4 → X 2 of different kinds, sometimes with pairwise non-diffeomorphic total spaces M 4 , and each such fibration is detected by some labeling on X 2 . This combinatorial encoding is interesting in its own because it furnishes a complete presentation of all pants decompositions in dimension 4.
We then use these labelings to construct a large class of polyhedra X 2 for which there exist fibrations M 4 → X 2 that induce isomorphism on fundamental groups. Finally, we show that every finitely presented G has a X 2 in this class with π 1 (X 2 ) = G.
Structure of the paper. We introduce pair of pants decompositions in all dimensions in Section 1, following and expanding from Mikhalkin [4] and focusing mainly on the 4-dimensional case.
In Section 2 we describe a combinatorial procedure that allows, given X 2 , to encode all pants decompositions M 4 → X 2 .
In Section 3 we prove Theorem 2, while Section 4 is devoted to further comments and examples.
We introduce here simple polyhedra, tropical fibrations, and pair of pants decompositions. We describe these objects with some detail in dimension two and four.
We work in the differential topology category: all the objects we consider are subsets of some R N , and a map between two such objects is smooth if it locally extends to a smooth map on some open set.
1.1. The basic polyhedron Π n . Let ∆ be the standard (n + 1)-simplex
We use barycentric coordinates on ∆, that is for every non-zero vector x = (x 0 , . . . , x n ) ∈ R n 0 we denote by [x 0 , . . . , x n ] the unique point in ∆ that is a multiple of x. Every point p ∈ ∆ has a unique description as [x 0 , . . . , x n ] with max x i = 1 and we call it the normal form of p. The polyhedron Π n ⊂ ∆ may be interpreted as the cut-locus of the vertices of ∆, see Π 1 in Figure 4 . Every point x ∈ Π n has a type (k, l) with 0 k l n, which is determined by the following requirements: the normal form of x contains l − k + 2 different 1's and n − l different 0's. More concretely, see Figure 5 for the cases n = 1 and 2 which are of interest for us here.
Points of the same type (k, l) form open k-cells, and these cells stratify Π n . Geometrically, a point x of type (k, l) is contained in the k-stratum of Π n and in the (l + 1)-stratum of ∆. An open star neighborhood of x in Π n is diffeomorphic to the polyhedron
A point of type (n, n) is a smooth point, while the points with l < n form the boundary ∂Π n = Π n ∩ ∂∆.
1.2.
Tropical fibration of CP n . Using tropical geometry, Mikhalkin has constructed in [4] 
The map is defined as a composition π = π 2 • π 1 of two projections. The first one is a restriction of the projection
We identify CP n with the hyperplane H ⊂ CP n+1 defined by the equation H = {z 0 + . . . + z n = 0} and restrict π 1 to H. The image π 1 (H) is a region in ∆ called amoeba which contains Π n as a spine [5] . There is a simple projection that retracts the amoeba onto its spine Π n : it is the restriction of a map
(0, 2) Figure 5 . The polyhedra Π1 and Π2. Every point is of some type (k, l) with 0 k l n, and points of the same type define strata. Here k is the dimension of the stratum and l + 1 is the dimension of the face of ∆ containing it. where ∆ * is ∆ minus its vertices. The map π 2 is drawn in Figure 6 and is defined as follows: up to permuting the coordinates we suppose for simplicity that x = [x 0 , . . . , x n+1 ] with x 0 x 1 . . . x n+1 and we define
The composition π = π 2 • π 1 is a map that sends CP n = H onto Π n .
Remark 1.2. Mikhalkin actually defines everything on a torus (C * ) n+1 instead of CP n , as is customary in tropical geometry. He also smoothens the map π 2 to get a smooth fibration on the n-cells of Π n , see [4, Section 4 .3]: we postpone this smoothing after discussing the cases n = 1 and n = 2.
1.3. The case n = 1. We now describe explicitly the fibration
Recall that CP 1 is identified with the line H = {z 0 + z 1 + z 2 = 0} in CP 2 and that Π 1 contains points of type (0, 0), (1, 1) , and (0, 1 Figure 7 -(left) that: circles into smooth circles, so that the resulting fibration is diffeomorphic to the one shown in the picture.
1.4. The case n = 2. We now study the fibration π : CP 2 → Π 2 , and our main goal in this section is to show that its fibers are as in Figure 9 .
Recall that we identify CP 2 with the plane H = {z 0 + z 1 + z 2 + z 3 = 0} in CP 3 . The polyhedron Π 2 has points of type (0, 0), (1, 1), (0, 1) on its boundary, and of type (2, 2), (1, 2), (0, 2) in its interior. Up to reordering these are The map π sends l i onto the Y -shaped graph f i ∩ Π 2 exactly as described in the previous section, see Figure 8 . The map π sends the four lines l i onto ∂Π 2 , each line projected onto its own Y -shaped graph; the six intersection points are sent bijectively to the six points of type (0, 0) of Π 2 .
It remains to understand the map π over the interior of Π 2 . Similarly as in the 1-dimensional case, Figure 7 -(right) shows that 
For every fixed e iϕ ∈ S 1 we get two arcs parametrized by θ with the same endpoints, thus forming a circle as in the 1-dimensional case. Therefore the fiber over [1, 1, t, u] is a (piecewise smooth) torus.
Analogously, the fiber over [1, 1, 1, t] is homeomorphic to the product of a θ-shaped graph and S 1 . Finally, the fiber over [1, 1, 1, 1] is a more complicated 2-dimensional polyhedron F 2 , whose homotopy type will be determined below. The different fibers are shown in Figure 9 .
Let F i be the fiber over a point of type (0, i). The fibers F 0 , F 1 , and F 2 are a point, a θ-shaped graph, and some 2-dimensional polyhedron. These fibers "generate" all the others: the fiber over a point of type (k, l) is homeomorphic to F l × (S 1 ) k . Mikhalkin shows in [4, Section 4.3] how to smoothen the projection π 2 , so that each fiber is diffeomorphic to F l ×(S 1 ) k . In particular the fibration over each n-cell is a smooth fibration, with fiber a torus. We will suppose since now that π 2 is smoothened in this way. 1.5. More on dimension 4. The fibration CP 2 → Π 2 plays the main role in this work and we need to fully understand it. We consider here a couple of natural questions.
How does the fibration look like on a collar of ∂Π 2 ? It sends a regular neighborhood of the four lines l 1 , l 2 , l 3 , l 4 shown in Figure 10 onto a regular neighborhood of ∂Π 2 drawn in Figure 11 . Note that the regular neighborhood of the lines decomposes into pieces diffeomorphic to D 2 × D 2 and P × D 2 , where P is a pair of pants, see Figure 10 . On the red regions the fibration sends
What is the fiber F 2 ? By construction it is a 2-dimensional spine of CP 2 minus the four lines. It is a well-known fact (proved for instance using the Salvetti complex [6] ) that the complement of four lines in general position in CP 2 is homotopically equivalent to the 2-skeleton of the 3-torus (that is, to a punctured 3-torus). More generally, the fiber F n is homotopic to the n-skeleton of the (n + 1)-torus (compare the case n = 1). We have determined F 2 only up to homotopy, but this is sufficient for us.
1.6. Simple polyhedra. Always following Mikhalkin, we use the fibration π as a standard model to define more general fibrations of manifolds onto polyhedra. Definition 1.3. A simple n-dimensional polyhedron is a compact space X ⊂ R N such that every point has a neighborhood diffeomorphic to an open subset of Π n .
For example, a simple 1-dimensional polyhedron is either a circle or a graph with vertices of valence 1 and 3.
Every point in X inherits a type (k, l) from Π n , and points of the same type form a k-manifold called the (k, l)-stratum of X. As opposed to Π n , a connected component of a (k, l)-stratum needs not to be a cell: for instance, a closed n-manifold is a simple polyhedron where every point is smooth, i.e. is of type (n, n). 1.7. Pants decomposition. Let M be a closed smooth manifold of dimension 2n. Following [4] , we define a pants decomposition for M to be a map
over a simple n-dimensional polyhedron X which is locally modeled on π : CP n → Π n , that is the following holds: for every point
, and a fiber-preserving diffeomorphism π −1 (V ) → p −1 (U ) such that the resulting diagram commutes:
When n = 1, a pants decomposition is a fibration p : M → X of a closed surface onto a 1-dimensional simple polyhedron. If X is not a circle and contains no 1-valent vertices, the fibration induces on M a pants decomposition in the usual sense: the polyhedron X decomposes into Y -shaped subgraphs whose preimages in M are pairs of pants, see Figure 12 . Conversely, every usual pants decomposition of M defines a fibration M → X of this type.
In general the base polyhedron X may be quite flexible, for instance it might just be an n-manifold: therefore every smooth n-torus fibration on a n-manifold X is a pants decomposition. Mikhalkin has proved the following remarkable result in [4] : Theorem 1.4. Every smooth hypersurface in CP n+1 admits a pants decomposition.
As stated in the introduction, we would like to understand which manifolds of even dimension admit a pants decomposition. In dimension 2, every closed orientable surface has a pants decomposition: those having genus g > 1 admit a usual one, while the sphere and the torus admit one in Figure 13 . Three simple 2-dimensional polyhedra: a closed surface (all points are smooth), a surface with a disc attached (all points are of type (1, 2) or (2, 2)), and a polygon (all points are of type (0, 0), (1, 1), or (2, 2)).
the more generalized sense introduced here; they fiber respectively over a segment (or a Y -shaped graph, or any tree) and a circle.
We now focus on the case n = 2, that is we look at smooth 4-manifolds fibering over 2-dimensional polyhedra.
4-manifolds
We now construct some closed 4-dimensional manifolds M that decompose into pairs of pants, that is that admit a fibration M → X onto some simple polyhedron X locally modeled on CP 2 → Π 2 . Then we introduce a complete combinatorial description of all such fibrations when X is special (see Definition 2.6 below).
Some examples.
We show three families of examples of fibrations M → X, that correspond to three simple types of polyhedra X shown in Figure 13 : surfaces, surfaces with triple points, and polygons.
If X is a closed surface, the fibrations M → X are precisely the torus bundles over X.
If X contains points of type (1, 2) and (2, 2), we obtain more manifolds. Recall that a Waldhausen graph manifold [8] is any 3-manifold that decomposes along tori into pieces diffeomorphic to P × S 1 and D 2 × S 1 , where P is the pair of pants. For example, all lens spaces and Seifert manifolds are graph manifolds. Proposition 2.1. Let p : M → N be a circle bundle over an orientable closed graph manifold N . The closed manifold M has a pants decomposition M → X for some X consisting of points of type (1, 2) and (2, 2) only.
Proof. It is proved in [1, Proposition 3.31] that every orientable graph manifold N admits a fibration π over some simple polyhedron X called shadow that consists of points of type (1, 2) and (2, 2) only, with fibers diffeomorphic respectively to a θ-shaped graph and a circle. The composition of the two projections π • p : M → X is a pair of pants decomposition.
If X has only points of type (0, 0), (1, 1), and (2, 2), then it is a surface with polygonal boundary consisting of vertices and edges. Also in this case we get interesting manifolds. Proposition 2.2. A closed 4-dimensional toric manifold M has a pants decomposition M → X for some polygonal disc X. In particular CP 2 fibers over the triangle.
Proof. The moment map M → X is a fibration onto a polygon X locally modeled on CP 2 → Π 2 near a vertex of type (0, 0).
The 4-dimensional closed toric varieties are S 2 × S 2 and CP 2 #hCP 2 , see [2] . In all the previous examples the base polyhedron X has no vertex of type (0, 2).
Problem 2.3. Classify all the pair of pants decompositions M → X onto simple polyhedra X without vertices of type (0, 2). This is a quite interesting set of not-too-complicated 4-manifolds, which contains torus bundles over surfaces, circle bundles over graph manifolds, and toric manifolds.
Smooth hypersurfaces.
We now turn to more complicated examples where X contains vertices of type (0, 2). Mikhalkin's theorem [4] produces the following manifolds. Recall that the diffeomorphism type of M depends only on the degree d.
and the K3 surface.
Euler characteristic.
The Euler characteristic of a pants decomposition can be easily calculated, and it depends only on the base X.
Proposition 2.5. Let M → X be a pants decomposition. We have
where n i is the number of points of type (0, i) in X.
Proof. All fibers have zero Euler characteristic, except the fibers F i above vertices of type (0, i), that have χ(F i ) = (−1) i .
2.4.
Labelings. Let X be a 2-dimensional simple polyhedron. Is there a combinatorial way to encode all the pants decompositions M → X over X? The answer is positive: pants decompositions over X may be encoded by some appropriate labeling. The rest of this chapter is devoted to the description of this algorithm. We consider for simplicity only polyhedra whose (k, l)-strata are topologically as simple as possible: Definition 2.6. A simple polyhedron X is special if the connected components of all the (k, l)-strata are k-cells.
For instance, the model polyhedron Π n is special. Every connected stratum in a special polyhedron X is a cell, called vertex, edge, or face according to its dimension. Vertices are of type (0, 0), (0, 1), or (0, 2), and edges are of type (1, 1) or (1, 2) . Each face is a polygon with some k edges and k vertices, and these may be of different types.
Let a label be a matrix ε 0 n ε with ε, ε ∈ {1, −1} and n ∈ Z. A labeling on X is the assignment of a label at each oriented side of every polygonal face of X, such that the following requirements are fulfilled:
(1) if the orientation of a side is reversed, its label ε 0 n ε changes into its inverse ε 0 −εε n ε ; (2) every oriented edge of X of type (1, 2) is part of the oriented boundary of three faces and inherits three different labels from them:
we require that
(3) for every face f of X, let v 1 , e 1 , . . . , v k , e k be the vertices and sides of f in cyclic order, with e i oriented from v i to v i+1 and v i having some type (0, t i ) in X; let L i be the label of e i and define
where I is the identity matrix. We have a condition (2) at every edge and a condition (3) at every face of X. Note that conditions (2) and (3) are symmetric with respect to the symultaneous orientation reversal of all the sides involved.
We now show that a labeling determines a fibration M → X, and that every fibration is realized in this way. Figure 15 . Every block Mv is a compact 4-manifold with corners: its boundary is a closed connected 3-manifold cornered along tori. There is one corner torus above each white dot, and the tori decompose the 3-manifold ∂Mv as a graph manifold into pieces diffeomorphic to P ×S 1 or D × S We now analyze more closely the blocks M v . If v is of type (0, 0), the fiber π −1 (v) is a point and M v is diffeomorphic to D 2 × D 2 ; its boundary S 3 is cornered along a standard torus T ⊂ S 3 that subdivides S 3 into two solid tori
If v is of type (0, 1), the fiber π −1 (v) is a θ-shaped graph and the block M v is diffeomorphic to P × D 2 ; its boundary is diffeomorphic to a connected sum of two copies of S 2 × S 1 . The boundary is cornered along three tori that decompose ∂M v into one P × S 1 and three solid tori: the meridian of each solid torus is attached to the fiber of P × S 1 .
When v is of type (0, 2), the block M v is a compact pair of pants, as named by Mikhalkin [4] , and it is diffeomorphic to CP
2 minus an open regular neighnorhood of four generic lines. Its boundary is a graph manifold with pattern graph , that decomposes along six corner tori and four P ×S 1 facets.
We note that there are six corner tori T ⊂ CP 2 in total in this decomposition, and each corner torus T is equipped with an unordered pair {γ, µ} of oriented simple closed curves having geometric intersection one: the torus T is adjacent to a unique block M v of type D 2 × D 2 , we have T = S 1 × S 1 and the curves are γ = S 1 × {y} and µ = {x} × S 1 . They are oriented because D 2 × {y} and {x} × D 2 are contained in two distinct lines l i ⊂ CP 2 and are hence oriented (because complex lines are), thus inducing an orientation on their boundaries γ and µ.
As a consequence every corner torus T on every block M v is equipped with such a pair {γ, µ}. If v is of type (0, 0) then T separates two solid tori and γ, µ are their meridians. If v is of type (0, 2) then T separates two copies of P × S 1 and γ, µ are their fibers.
Remark 2.7. Since fibers of adjacent facets do not match, standard 3-dimensional theory implies that the boundary of a compact pair of pants is a closed irreducible 3-manifold, whose JSJ decomposition consists precisely of the six tori decomposing M v into four copies of P × S 1 with pattern .
If v is of type (0, 1) the block M v is more asymmetric: a corner torus T separates a solid torus and a P × S 1 , and one of the two curves (either γ or η) is both the meridian of the solid torus and the fiber of P × S 1 . The other curve is a longitude of the solid torus and a section of the product P × S 1 .
2.6. From labelings to pants decompositions. Let X be a special polyhedron equipped with a labeling. We now show how the labeling determines a fibration M → X.
Since X is special, we can decompose it into the stars S v of its vertices. In the previous section we have constructed a fibration M v → S v above each star S v , and we now use the labelings to glue these fibrations altogether to a global fibration M → X.
We want to glue the fibrations first along the edges of X. Consider an edge e: it connects two stars S v 1 and S v 2 whose corresponding fibrations are
We orient e from v 1 to v 2 and consider the label L = ε 0 n ε of e. We first consider the case e is of type (1, 1). There are four possible configurations according to the types of v 1 and v 2 , as shown in Figure 16 . The two stars S v 1 and S v 2 intersect in a segment, whose preimages in M v 1 and in M v 2 are two solid tori facets N 1 and N 2 . We glue these two facets along a diffeomorphism determined by L as follows.
The boundary of N i is a cornered torus and as such it is equipped with a pair {γ i , µ i } of oriented simple closed curves. One of them, say µ i , is the meridian of N i . We use (γ i , µ i ) as a basis of H 1 (∂N i , Z) for i = 1, 2. Then we glue N 1 to N 2 along the diffeomorphism ϕ that acts like the matrix L on the homology of the boundaries, that is ϕ * = L : H 1 (∂N 1 ) → H 1 (∂N 2 ) . Such a diffeomorphism exists and is unique up to isotopy since ϕ * sends the meridian µ 1 to the meridian ε µ 2 .
We now consider the case when e is of type (1, 2). There are three faces f 1 , f 2 , f 3 incident to e, and each furnishes a label L 1 , L 2 , L 3 . Each vertex v i may be of type (0, 1) or (0, 2), and there are again four possible configurations. The two stars S v 1 and S v 2 now intersect in a Y -shaped graph, whose preimages in M v 1 and M v 2 are two facets N 1 and N 2 diffeomorphic to P × S 1 . As above, we glue these two facets along a diffeomorphism ϕ that acts homologically on the boundary tori as prescribed by the three labels
More precisely, the boundary of N i consists of three cornered tori T 1 i , T 2 i , and T 3 i , with T 
The block N i is diffeomorphic to the S 1 -fibration P × S 1 , but the subtle point here is that the meridians µ Figure 10 , with l j corresponding to T j i , and let l 4 be a line passing through the point P = l 1 ∩ l 4 , close to l 4 but distinct from it. The line l 4 determines a section s of the normal bundle over l 4 \ {P }, and by looking at its intersections with the lines l 1 , l 2 , l 3 we find that ∂s consists of the three curves
The section s also determines a diffeomorphism P × S 1 → N i that sends ∂P × {pt} to the curves η 1 i , η 2 i , and η 3 i .
We now identify both N 1 and N 2 with P × S 1 via this diffeomorphism; the isomorphisms L j with respect to the new basis (η
The sum of the bottom-left entries is zero by (1) . By standard 3-dimensional topology arguments, there is a self-diffeomorphism ϕ of P × S 1 that induces these matrices on the boundary tori and is unique up to isotopy.
We have described how to glue all the fibrations M v → S v along the edges of X, and we have used condition (2) for this purpose. We need only a last step to conclude, where we will need condition (3).
Theorem 2.9. The algorithm above transforms a labeling on a special polyhedron X into a pair of pants decomposition M → X. Every pair of pants decomposition over X is constructed in this way.
Proof. By gluing along the edges we have constructed a fibration M → X. We only need to check that the fibration is trivial near the codimension-2 cornered tori: around each such torus T there is a chain of gluings of tori and we need to check that its total monodromy is trivial. This is guaranteed precisely by condition (3) from the definition of labeling: note that we need the matrix J at the vertices v i of type (0, 0) or (0, 2) because the unoriented pair {γ, µ} is used as a basis for H 1 (T ) with opposite orders at the two adjacent edges e i−1 and e i .
Conversely, let M → X be a pants decomposition: the restriction M v → S v to every star S v is diffeomorphic to the basic fibering considered above, and M → X is hence constructed by gluing them. A gluing between two pieces of P ×S 1 or D×S 1 preserves (up to isotopy) the fibers or the meridians (respectively) and is hence encoded by some labels L i as above.
The same fibration may be described by different labelings, and this happens if and only if the labelings are related by some moves. We do not explore this point further here.
Remark 2.10. In this section we have dealt only with special polyhedra, as this simplifies the labelings, but an extension to all simple polyhedra can be done quite easily. Conditions (1) and (2) are local, and they are required also when dealing with nonspecial polyhedra. Condition (3), on the other hand, is only needed to ensure that the torus fibration on the boundary extends to the interior of the cell; if a connected component of the (2, 2)-stratum is not a disc, we need to require that the fibration on its boundary extends to the interior. Notice that this extension will never be unique, hence a labeling in the above sense does not determine a 4-manifold: in order to get uniqueness, we need to specify the monodromy on the boundary as well as its extension. We do not explore this further here. 
Fundamental groups
In the previous section we have made some effort in defining some labelings that encode all pants decompositions M → X over a given special polyhedron X. We now use them to prove the following, which is the main result of this paper.
Theorem 3.1. For every finitely presented group G there is a pants decomposition M → X with π 1 (M ) = G.
Even polyhedra.
We say that a special polyhedron is even if every face is incident to an even number of vertices (counted with multiplicity). Recall that there are three types (0, 0), (0, 1), and (0, 2) of vertices, and each of these must be counted. For instance, the polyhedron Π 2 is even: every 2-cell is incident to four vertices.
Even polyhedra are particularly useful here because of the following. everywhere! Conditions (1) and (2) are satisfied automatically. Concerning (3), a face f is always incident to an even number of vertices of type (0, 1), and since X is even it also has an even number of vertices of type either (0, 0) or (0, 2). Therefore the monodromy product is an even power of J and is trivial.
There are many even polyhedra: Proposition 3.3. Every finitely presented group is the fundamental group of an even polyhedron without boundary.
Proof. Every finitely presented group is the fundamental group of some special polyhedron X without boundary. We now transform X using the "banana and pineapple" trick (which is usually applied to transform the spine of a 3-manifold into a simple spine, see [3, page 36]) shown in Figure 17 : the result is an even special polyhedron X with the same fundamental group as X.
3.2.
The nodal surface. We note the following. Proof. The fibration p is locally modeled on the tropical fibration CP 2 → Π 2 and the preimage of ∂Π 2 in CP 2 is an immersed surface consisting of four lines intersecting transversely in six points lying above the vertices of type (0, 0).
We call p −1 (∂X) the nodal surface of the fibration p. It is an immersed surface in M with one transverse self-intersection above each point of type (0, 0) of X.
The topology of the nodal surface is easily determined by the graph ∂X: it suffices to replace every vertex of type (0, 1) with a pair of pants and every vertex of type (0, 0) with two transverse discs. As an example, from ∂Π 2 we get four complex lines, that is four spheres.
We note that a vertex of type (0, 1) connected to three vertices of type (0, 0) determines an embedded sphere. Two vertices of type (0, 0) connected by an edge also determine an embedded sphere.
3.3. Fundamental group. How can we calculate the fundamental group of M by looking at the fibration M → X? We answer this question in some cases. We start by showing that in dimension 4 any facet of the compact pair of pants carries the fundamental group of the whole block (in contrast with dimension two).
Lemma 3.5. Let B be the compact 4-dimensional pair of pants and F ∼ = P × S 1 be any of its four facets. The map π 1 (F ) → π 1 (B) induced by inclusion is surjective.
Proof. Recall that B is CP
2 minus the open regular neighborhood of four lines l 1 , l 2 , l 3 , l 4 . Let F correspond to l 4 . Using the Salvetti complex [6] we see that π 1 (B) ∼ = Z 3 is generated by three loops turning around any three of these lines, say l 1 , l 2 , l 3 . These loops can be homotoped inside F ∼ = P × S 1 , where they correspond to three meridians on the boundary tori.
Let X 1 denote the 1-stratum of X, that is the set of all non-smooth points of X. Proposition 3.6. Let M → X be a pants decomposition. The induced map π 1 (M ) → π 1 (X) on fundamental groups is surjective. It is also injective, provided the following holds:
• X is not a surface,
• every connected component of X 1 \ ∂X is incident to a vertex in ∂X whose fiber is contained in a (possibly immersed) spherical component of the nodal surface.
Proof. The map π 1 (M ) → π 1 (X) is surjective because all fibers are connected and arcs lift from X to M . Let F x = π −1 (x) be the fiber of x and let G x be the image of the map π 1 (F x ) → π 1 (M ) induced by inclusion (with some basepoint in F x ). It is easy to prove that if G x is trivial for every x ∈ X, then π 1 (M ) → π 1 (X) is an isomorphism. We now prove that the additional assumptions listed above force all groups G x to be trivial.
We use the term connected stratum to denote a connected component of some (k, l)-stratum of X. If G x is trivial for some x, then G x is trivial for all points x lying in the same connected stratum of x. We now show that the triviality of G x propagates along incident connected strata in most (but not all!) cases: let x ∈ s and y ∈ t belong to some connected strata s and t, such that either s ⊂t or t ⊂s. Suppose that G x is trivial. Then:
(1) if dim t > dim s, then G y is trivial because F y is contained in a regular neighborhood of F x ; (2) if t ⊂ ∂X and s ⊂ ∂X, then G y is trivial for the same reason; (3) if s is an edge of type (1, 2) and t = y is a vertex of type (0, 2), then G y is trivial by Lemma 3.5.
By assumption every connected component C of X 1 \ ∂X is incident to a vertex v of type (0, 1) in ∂X, whose fiber F v is contained in a sphere: therefore G v is trivial. The properties (1) and (3) imply that G x is trivial for all x ∈ C and hence for all x ∈ X 1 .
Since X is not a surface, every 2-dimensional stratum of X is incident to X 1 \ ∂X: by property (1) the group G x is trivial for all x ∈ X \ ∂X, and hence for all x ∈ X by (2).
Corollary 3.7. Let M → X be a pants decomposition. If X 1 \ ∂X is connected, ∂X = ∅, and the nodal surface consists of (possibly immersed) spheres, the map π 1 (M ) → π 1 (X) is an isomorphism.
3.4.
Proof of the main theorem. We can finally prove the main result of this paper, that is Theorem 3.1.
Proof of Theorem 3.1. For every finitely presented group G there is an even special polyhedron X without boundary and with π 1 (X) = G by Proposition 3.3. We modify slightly X to a polyhedron X with non-empty boundary, by choosing an arbitrary edge e and modifying X near e as shown in Figure 18 .
We have π 1 (X) = π 1 (X ) and X is still even. Note that ∂X is a θ-shaped graph with two vertices of type (0, 1) and also four vertices of type (0, 0), indicated in the picture. Note also that X 1 is connected because X is special without boundary, and hence (X ) 1 \ ∂X is also connected.
By Proposition 3.2 there is a pants decomposition M → X . By looking at ∂X we see that the nodal curve consists of three spheres. Corollary 3.7 hence applies and gives π 1 (M ) = π 1 (X ) = G.
More examples
Proposition 3.2 describes a simple algorithm that constructs a pants decomposition M → X above every even special polyhedron X. We have shown that this algorithm produces 4-manifolds with arbitrary finitely presented group, and it is now natural to ask more generally the following. We produce here some examples of even polyhedra and analyze the 4-manifolds they generate.
Even triangulations.
We would like to represent some special polyhedra using the appropriate dual notion of triangulation, which is sometimes easier to encode.
Here we say that a triangulation is any finite collection
of tetrahedra with a partial simplicial pairing of its faces. A partial simplicial pairing is a set of disjoint pairs of distinct faces of the tetrahedra, with a bijection of the vertices of each pair (which induces a simplicial isomorphism of the faces). The triangulation needs not to be a triangulation of a 3-manifold: we make no assumption at all on the topological space it represents. The triangulation is partial in the sense that some faces may be left unpaired. A triangulation defines a dual special polyhedron X as follows: replace every ∆ i with a copy of the model polyhedron Π 2 contained in it, and glue the copies according to the pairings. The resulting polyhedron X is easily seen to be special.
The topology of X determines the stratification of X, except for vertices of type (0, 0) that may be added or removed at our please. We solve this ambiguity by adopting the following convention: the vertices of type (0, 0) are precisely the points in ∂X that arise by identifying an odd number of vertices of type (0, 0) in the single copies of Π 2 . In other words, the vertices of type (0, 0) are the intersection of X with the edges of the triangulation that are contained in an odd number of tetrahedra.
With this convention, the triangulation consisting of a single tetrahedron gives rise to the polyhedron Π 2 . The triangulation consisting of two tetrahedra glued along a face gives rise to a special polyhedron as in Figure 19 , with four vertices of type (0, 0).
The reason for adopting this convention is the following.
Proposition 4.2. If X is determined by a triangulation, every face incident to ∂X is even.
Proof. By construction a face incident to ∂X has two vertices of type (0, 1), some h vertices of type (0, 2), and one or zero vertices of type (0, 0) depending on whether h is odd or even. Therefore the total number of vertices is always even.
To ensure that X is an even polyhedron we only have to check evenness for the interior faces, i.e. those disjoint from ∂X. This amounts to checking that all interior edges of the triangulation are adjacent to an even cycle of tetrahedra: if this holds we say that the triangulation is even.
An even triangulation produces a dual even polyhedron X and hence a pants decomposition M → X. Note that a triangulation without interior edges is even.
We now investigate some simple cases. As a first example, a triangulation with one tetrahedron and no pairing gives rise to X = Π 1 and hence to CP 2 .
4.2. The 4-sphere. The next simplest example may be a triangulation made of two tetrahedra with one common face as in Figure 19 . Since CP 2 \ l is an open 4-ball, the submanifold fibering over Π 2 \ N is a 4-disc. The special polyhedron X in Figure 19 is obtained by mirroring the polyhedron Π 2 \ N and hence the manifold M fibering above X is the double of a 4-disc, i.e it is diffeomorphic to S 4 .
We now show further examples of manifolds constructed with few tetrahedra. We lazily use Freedman's theorem and determine the resulting manifold only up to homeomorphism, although we expect that in all cases the homeomorphism can be promoted to a diffeomorphism.
All our examples are simplicial triangulations of the 3-disc D. The Euler characteristic formula from Proposition 2.5 can be read as (2) χ(M ) = #{odd external edges} − #{external faces} + #{tetrahedra} where the external faces and edges are those contained in ∂D, and an edge is odd if it is adjacent to an odd number of simplexes (so by our convention it produces a vertex of type (0, 0)).
4.3.
Curls. Let a curl be a triangulation made of k tetrahedra, all glued along subsequent faces with an edge in common as in Figure 20 . When k = 1 and k = 2 we find back the triangulations with one and two tetrahedra already considered, that gave CP 2 and S 4 . The curl is even (respectively odd ) if k is even (resp. odd).
Proposition 4.4.
A curl produces a pants decomposition M → X with M homeomorphic to CP 2 or S 4 depending on whether k is odd or even.
Proof. The polyhedron X is simply connected and so is the manifold M , by Corollary 3.7. Moreover, the number of external faces is 2k + 2 and the number of odd edges is k + 4 if k is even and k + 5 if k is odd. The formula (2) gives χ(M ) = 3 or χ(M ) = 2 depending on the parity of k, and we conclude by Freedman's theorem.
4.4.
Octahedron. Triangulate the octahedron with four tetrahedra in the usual way, sharing a diagonal of the octahedron as a side. There is a single interior edge, incident to an even (4) number of tetrahedra: hence the triangulation determines an even polyhedron X and a pants decomposition M → X.
Proposition 4.5. The octahedron produces a pants decomposition M → X with χ(M ) = 0 and π 1 (M ) = Z.
Proof. This example is interesting because Corollary 3.7 does not apply: the polyhedron X is simply connected but the nodal curve consists of two tori. The manifold M is in fact not simply connected and a careful analysis (that we omit) shows that π 1 (M ) = Z. We compute χ(M ) using Equation (2): the number of external faces is 8, and the number of odd edges and of tetrahedra is 4, hence χ(M ) = 0.
We suspect of course that M is diffeomorphic to S 3 × S 1 .
4.
5. An eight-tetrahedra example. The following example is interesting because it produces a manifold with non-trivial even intersection form. We were in fact not able to produce S 2 × S 2 , and we content ourselves with # 3 (S 2 × S 2 ).
Let us glue eight tetrahedra ∆ 0 , . . . , ∆ 7 according to the following scheme: start off with ∆ 0 and call F 1 , . . . , F 4 its faces. Attach ∆ i to ∆ 0 along F i for i = 1, . . . , 4. Now denote with F i+4 the face of ∆ i sharing a side with ∆ 4 for i = 1, 2, 3, and attach ∆ i along F i for i = 5, 6, 7. See Figure 21 . Proposition 4.6. This eight-tetrahedra triangulation produces a pants decomposition M → X of a 4-manifold homeomorphic to # 3 (S 2 × S 2 ).
Proof. We start by computing the Euler characteristic of M . According to (2) , in order to compute χ(M ) we need to count tetrahedra, external faces and odd external edges. Each of these numbers is readily obtained: there are 8 tetrahedra, 18 external faces and 18 odd external edges (they are thicker in Figure 22 ). Therefore χ(M ) = 8 − 18 + 18 = 8.
E 9 E 8 Figure 22 . The complex C8. We labelled the nine classes of H2(M ) described below, each of self-intersection 0. Figure 22 shows the odd exterior edges of the triangulations, which correspond dually to the vertices of type (0, 1) of X and hence to the selfintersections in the nodal surface. The odd exterior edges partition the exterior sphere of the triangulation into nine discs E 1 , . . . , E 9 , each made of two triangles, and each such disc E i gives an embedded sphere in the nodal surface which we still denote by E i , see Figure 22 .
The polyhedron X is simply connected, the nodal surface is made of spheres and hence M is simply connected by Corollary 3.7. Therefore H 2 (M ) = Z 6 . It remains to prove that the intersection form is even to conclude that M is homeomorphic to # 3 (S 2 × S 2 ) by Freedman's Theorem. We now assign orientations to M and to the spheres E i to compute the intersection form of M .
Each ∆ i determines a pair of pants block in M , which has a natural orientation as a subset of CP 2 . We give M the natural orientation of the block corresponding to ∆ 0 . By construction every tetrahedron gives a block that mirrors the adjacent one, hence its natural orientation is coherent with that of M for ∆ 0 , ∆ 5 , ∆ 6 , ∆ 7 but it is not for ∆ 1 , ∆ 2 , ∆ 3 . We say that the former tetrahedra are positive, while the latter are negative.
Each sphere E i has some portion contained in a positively oriented block, and we give E i the orientation it inherits as a subset of CP 2 .
Complex lines in CP 2 (resp. CP 2 ) have self-intersection 1 (resp. −1).
Therefore the self-intersection E i · E i is the number of positive tetrahedra containing E i minus the number of negative ones: for all E i 's this number is 1 − 1 = 0.
The intersection E i · E j for i = j is obtained by counting the odd external edges e that intersect both E i and E j , considered with signs: the edge e is incident to two exterior 2-faces, adjacent to two tetrahedra that are either both positively or negatively oriented. The sign is +1 or −1 accordingly.
If we compute patiently the intersections E i · E j as described above, we get the following matrix: The matrix Q has rank 6, and the quadratic form associated to Q is symmetric and unimodular when restricted to the subspace generated by E 1 , . . . , E 6 . It follows that H 2 (M ) is generated by the six classes E 1 , . . . , E 6 and that the intersection form is Q M = 3H = 3 0 1 1 0
Freedman's Theorem now says that M is homeomorphic to # 3 (S 2 ×S 2 ). 
